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THE solutions for the transverse vibrations of circular and rectangular
membranes are well known. The case of a right-angled isosceles triangular
membrane can be as easily solved as that of a rectangular one,! and that of
an equilateral triangular membrane has been discussed by Lamé who finds
that the frequency, (p/2 =), is given by

p_c

r a (m*+ n®+ mn)t, [m, n integers] (1) .
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a being the height of the triangle and ¢ the ratio of the uniform tension T,
and the superficial density p. If z be the displacement, Routh? has given in
terms of trilinear co-ordinates the particular solution obtained from (1)
by putting m or n=10 as

| z=sin =% sin nmf
4 , a a

sin

nZ'y cos pt, )
1 a, B, y being the trilinear co-ordinates. This particular solution has also been
~ recently obtained by D. G. Christopherson.?

As Lamé’s Legons Sur L’ Elasticite in which the general solution (1)
is given is not readily available, it has been independently obtained in this
paper. New results have been obtained for:

(@) an isosceles triangle containing an angle of 120°;
(b) a right-angled triangle containing an angle of 60°.
If x', y, z are the co-ordinates of a point of the membrane in the

displaced position, the xy plane coinciding with the equilibrium position, we
know that for small displacements z should satisfy

d%z d%z | d%z
—b—té = c2 (é——x—:—g + S—J_}-z). (3)

1 Rayleigh, Theory of Sound, 1, 1894, pp. 317-18.
» 2 Routh, Advanced Rigid Dynamics, 1905, p. 457.
' 3 D. G. Caristophers on, Quart. J. of Math., 1940, 11, p. 65.
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If we assume the time factor in z to be of the form A cos (pt + <), (3) becomes
R - T BRNCE)

The solution of (3-1)_may be written in the form

__sin p Cos ¢ 0 sin (11 sin 6
- cos( c cos c y). . 4)

Isosceles Triangular Membranes

Let the vertical angle of the triangle be 2 . Let us take the origin at
the vertex and the axes of x and y perpendicular and parallel to the base
of the triangle. The sides of the triangle are x==a, y=4 x tan a. One
form of z satisfying the boundary condition z=0 is

@mA Yrmx @t Dy Qo Dax @mt Dmy
22 %% datana % 2@ % Zgtanae. O

m and n being integers. This .satisﬁe‘s (3) only when a = £ 7, and then we have

Z==COS

pi= + (2n4 1%, (6)

the gravest mode being given by m= 0,n=1, that is,

L =5 ¥25=(0-791) °. )

This solution gives the asymmetrlcal vibrations of a right- angled isosceles
membrane. The symmetrical are given by

mmx nmwy nrx mmy
z=sin —= sin —= — sin —= AP
a p p sin Pt (8)

which obviously makes y= 0 a nodal line.
Equilateral membrane.—If we put

7= 2 sin (m —n) =x o (m+ n) wy
a “atana
. 2m+n)nx _nmy (2n+ m) nx mmy
— 2 sin - Ccos atan -+ 2 sin - COS ~ == 5 9)

m, n being integers, we see that the boundary condition is satisfied for any
isosceles triangle. But it exactly satisfies (3) only when o= }=, and in
that case’

L-= S (m?+ n2 mn)k. (10)

4This solution also holds good for thc symmectrical vibrations of a rhombus of angle 120"
with the shorter diagonal as a nodal line. ﬂ
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This gives the asymmetrical vibrations of an equilateral membrane The
gravest-mode is gwen by

=72 sin ?1~———4s1n~ c'swy\/3 | (11-1)
a a
p_c o - 1.3)
= _ ,, (11-2)

If we put n=0 in (9), we get the result to which (2) reduces when

changed into Cartesian co-ordinates, and which has been also obtained by
Christopherson. |

The symmetrical modes .are given by |
(m— n) mx sin (m+nmmy /3
a a
(2m+ n) mx sin 7Y V3
a

(2n+m)7rx .mwy\/3_ | P)
a : .

z=2sin

+ 2 sin

— 2sin

All the three medians are now nodal hﬁes.

Isosceles Triangle Containing an Angle of 120°
In this case we put |

a (m—n)mx " (m+n+1)7rytana
z=238In p

a
2n-|—1 mx _ (2n+1)wytana’
—= €0§ :
) a 2a

2m—l—1 (2m+1)wytana '
2 )a - 2a- . (13)

This makes z= 0 on the boundary and satisfies (3) if a=4= and the sides

are given by x=a, y=x /3,y+x 3= 2a/\/3 The general expression
for the frequency is now given by

—2cos (2m+ 14 —5—

-+ 2 cos (2n+ 14 ——

2%m%aﬁ2m+ +{2m+ULme+1)Qm+Dﬁ (14
In the gravest mode we have |
z==238in 2~a—~ sin Wy V3 — 2 cos 5;5 oS lﬁ?
+2 cos ga oS 3 F—g—a»\/}, (15-1)
e

P _ C_ it —.een €. .
%“%V7@'O3Bhf"w8whz (15-2)




490 | B.R. Seth

These give the symmetrical vibrations of an isosceles triangular membrane
of height # containing an angle of 120°. y=a/+/3 is a nodal line and the
gravest mode appears to be symmetrical.

Right-angled Triangle Containing an Angle of 60°

In this case we can take the sides as y=a/4/3,x=a,y=x+/3. The
result for this case follows at once from the symmetrical vibrations of
an isosceles triangle containing an angle of 120°. We easily see that z is
of the same form as given 1 (13). The lowest tone is given by (15). The
general form of the frequency 1s the same as given in (14).

It has not been found possible to get an exact solution for any other
case excepting the four discussed above. In all other cases an approximate
value of the gravest mode may be obtained by using Rayleigh’s method when
the normal types cannnot be accurately determined.




